An element of a group G is called semi-rational if there is a natural number m such that each generator of x belongs to the conjugacy class of G containing x or x m . If all elements of G are semi-rational, then G is called a semi-rational group. In this paper, we study semi-rational Frobenius groups G and obtain results concerning effect of semirationality property on the kernel and complement of G. In particular, we show that |π(G)| ≤ 5 which answers Problem 2 in [D. Chillag and S. Dolfi, Semi-rational solvable groups, J. Group Theory 13(4) (2010) 535-548] for semi-rational Frobenius groups.
Introduction
Let G be a finite group. Then x ∈ G is said to be semi-rational in G if each generator of x belongs to at most two conjugacy classes in G, namely, the conjugacy class containing x, or the conjugacy class x m of G, for some positive integer m. If each element of G is semi-rational in G, G is called a semi-rational group. Chillag and Dolfi [2] introduced the notion of semi-rational group and studied solvable semirational groups. In general, composition factors of semi-rational groups are of most interest [1] . A particular case of semi-rational groups are rational groups (Q-groups) in which the generators of x , for all x ∈ G, are conjugate in G. Rational Frobenius groups have been well-studied during last decade. For example, it is shown that a rational Frobenius group is isomorphic to one of the groups: E(3 n ) : C 2 , E(3 2n ) : Q 8 and E(5 2 ) : Q 8 , where E(p n ) is an elementary Abelian p-group of order p n [3] . The main purpose of this article is to study semi-rational Frobenius group. Indeed, Theorem 1.1 below gives a useful characterization of such groups.
Theorem 1.1. Let G = HK be a Frobenius group with complement H and kernel K. Then G is semi-rational if and only if the following two properties hold : (a) H is itself semi-rational ; (b) Each element of K is semi-rational in G, that is, for every x ∈ K, the generators of x belong to at most two conjugacy classes of G.
We moreover prove Theorem 1.2 below which gives more details on the structure of semi-rational Frobenius groups. Throughout this paper all groups are finite and we denote by A n , C n , D 2n , Q 2 n+1 and S n the alternating group on n letters, the cyclic group of order n, the dihedral group of order 2n, the generalized quaternion group of order 2 n+1 and the symmetric group on n letters, respectively. In this article, we frequently use GAP [6] to investigate semi-rational groups of small orders.
Preliminaries
For an element x in the finite group G, we shall write A G (x) = Aut( x ) and
Observe that x is semi-rational in G if and only if B G (x) has at most two orbits on the set of generators of x . Also, we denote by φ(n) the Euler function of the natural number n.
Lemma 2.1 ([2, Lemmas 4 and 5])
. Let G be a finite group.
then G is semi-rational if and only if the orders of elements of
G belong to {1, 2, 3, 4, 6}. 
Lemma 2.2 ([2, Theorems 2 and 3]). Let G be a finite semi-rational solvable group. Then π(G)
⊆
Lemma 2.3 ([4, Theorem 18.1]). Let H be a Frobenius complement and p, q ∈ π(H). Then

Lemma 2.4. Let H be semi-rational group with a central involution element. If H has an element of odd order n, then φ(n) divides |H|/n.
Proof. Let c be a central involution in H, and let x ∈ H be of order n. Set C := c . Then C H and H := H/C is semi-rational by Lemma 2.1(a). Note that x := Cx ∈ H is also of order n and x ≤ C H ( x ). Now Lemma 2.1(b) implies that φ(n)/2 divides |B H (x)|, and so does |H :
In what follows, for a positive integer m and a prime p, we denote by m p the p-part of m.
Lemma 2.5. Let H be a semi-rational Frobenius complement. Then
Proof. (a) By Lemma 2.3(c), Sylow 2-subgroups of H are either cyclic, or generalized quaternion. Suppose that P ∈ Syl 2 (H).
If P is cyclic and |P | = 2 n , then
Then by Burnside's theorem (see [5, Theorem 6.2 .9]), the subgroup P has a normal complement N in H, and so P ∼ = H/N is a cyclic semi-rational 2-group. As P is an Abelian semi-rational group, by Lemma 2.1(c), we deduce that orders of elements of P belongs to {2, 4}. This implies that P ∼ = C 2 or C 4 . If P is a generalized quaternion Q 2 n+1 , that is to say,
Since H is a semi-rational group and x is not an involution, by Lemma 2.1(b), we have that
This shows that |B
Lemma 2.1(b), so m = 1, and hence P is a cyclic group of order p.
Proof of Theorem 1.1
Let G = HK be a semi-rational group. Since K G, the subgroup H ∼ = G/K is semi-rational by Lemma 2.1(a). Moreover, each element of K is semi-rational in G. Therefore, (a) and (b) hold. Conversely, suppose that H is itself a semi-rational group and each element of K is semi-rational in G. Since H is semi-rational, every conjugate H x of H in G is itself semi-rational. Therefore all elements of x∈G H x are semi-rational in G. Since G is a Frobenius group, every element of G belongs
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Semi-rational Frobenius groups to K or x∈G H x . Therefore, every element of G is semi-rational in G, and hence G is semi-rational. This proves Theorem 1.1.
Proof of Theorem 1.2
In this section, we prove Theorem 1.2. The proof follows immediately from Propositions 4.1 and 4.2 below.
Frobenius complement of even order
In this section, we assume that G is a semi-rational Frobenius group with solvable complement H and kernel K. Note by Lemma 2.1(a) that H ∼ = G/K is also a semirational group. Here, we have two cases to consider: |H| is even and |H| is odd. By (i)-(iv) and using GAP [6] , the subgroup H must be isomorphic to one of the groups as in the second column of Table 1. For Frobenius kernel K, since G is a semi-rational solvable group, by Lemma 2.2, we must have π(K) ⊆ {3, 5, 7, 13, 17}. Since |H| is even, K is an Abelian group and so C G (x) = K, for all x ∈ K. Thus B G (x) is a subgroup of G/K ∼ = H, and hence, by Lemma 2.1(b), the order of H is divisible by φ(|x|)/2, for all x ∈ K. By calculation, for each H as in Table 2 , we find possible values for |K| as in the third column of Table 2. For example, if H ∼ = C 2 and p divides |K| for p ∈ {7, 13, 17}, then φ(p)/2 divides |H|, which is impossible. If |K| = 3 a · 5 b , then G has an element of order 15, and so Lemma 2.1(b) implies that |G| is divisible by 4, which is a contradiction. Hence |K| = 3 a or 5 b .
Let now P be a Sylow p-subgroup of K. If P has an element of order p n with 
Frobenius complement of odd order
In this section, we study semi-rational Frobenius groups G with complement H of odd order. in particular, b ≥ 1, then K has an element of order 7. Since 3 = φ(7)/2 does not divide |K|, we conclude that K itself is not semi-rational by Lemma 2.1(b).
Examples
In this section, we give some small examples of semi-rational Frobenius groups and we summarize these examples in Table 3 . 
